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INTRODUCTION
THIS PAPER DEVELOPS a class of recursive, but not necessarily expected utility, preferences over intertemporal consumption lotteries. An important feature of these general preferences is that they permit risk attitudes to be disentangled from the degree of intertemporal substitutability. Moreover, in an infinite horizon, representative agent context these preference specifications lead to a model of asset returns in which appropriate versions of both the temporal CAPM and the intertemporal consumption-CAPM are nested as special cases. In our general model, systematic risk of an asset is determined by covariance with both the return to the market portfolio and consumption growth, while in each of the existing models only one of these factors plays a role. This result is achieved despite the homotheticity of preferences and the separability of consumption and portfolio decisions. Two other auxiliary analytical contributions which are of independent interest are the proofs of (i) the existence of recursive intertemporal utility functions, and (ii) the existence of optima to corresponding optimization problems. In proving (i), it is necessary to define a suitable domain for utility significant improvement in the explanation of asset returns. We suspect that many economists would view this as a more relevant test of the importance of this generalization of expected utility. It is thus hoped that this pair of papers will convince skeptical readers that some of the recently formulated non-expected utility theories have empirical content and that their usefulness in explaining market data could and should be explored.
An unusual feature of our preference orderings that merits some attention in these opening remarks is that they generally imply nonindifference to the way in which uncertainty about consumption resolves over time, where temporal resolution is intended in the sense of Kreps and Porteus (1978) . (These authors are henceforth KP.) It is recognized (KP (1979a), Machina (1984) ) that early resolution is generally preferable when considering a preference ordering for random income streams induced from preference for consumption streams, since in such contexts earlier resolution can improve planning. But the case for nonindifference to timing is not clear at the primitive level of consumption. Indeed, indifference is generally assumed, since it is implied by the usual expected utility specifications. On the other hand, we offer three comments in defense of our approach. First, it is perfectly "rational" to care about the way in which consumption uncertainty resolves over time. (See Chew and Epstein (1989) for some elaboration and examples; see also KP (1979a, p. 82).) One could attempt to employ introspection to determine whether such nonindifference is present and whether it is likely to be empirically significant. But clearly a preferable route to resolving the issue is to let the data speak. Thus, our second point is that we can test (see Epstein and Zin (1989) ) whether nonindifference is revealed by the data to be statistically significant. Finally, note that if indifference to timing and the intertemporal consistency of preferences are both assumed, then (Chew and Epstein (1989) ) an expected utility ordering is implied. One of these axioms must be weakened in light of the empirical evidence cited earlier and in light of the difficulty of separating risk aversion from substitution within the expected utility framework. For elaboration on the latter point, see Section 4 below and also Chew and Epstein (1987) . The option of weakening consistency is pursued in the latter paper.
The paper proceeds as follows: The consumption space and recursive utility functions are formulated in Sections 2 and 3 respectively. The central properties of utility functions are considered next. Section 5 treats the consumption-portfolio choice problem for an agent with recursive utility. In Section 6, the corresponding Euler equations are employed to infer equilibrium relations for asset returns in a representative agent model. Some concluding remarks on potential applications and extensions are offered in Section 7. Proofs are relegated to appendices.
CONSUMPTION PROGRAMS
This section defines the consumption space. It will be important to model carefully the information structure facing our agent, or in other words, the way in which consumption uncertainty is resolved over time. A formal structure which includes such detail is the space of temporal lotteries defined by KP (1978) . Their definition is restricted to a finite horizon framework. Here (and in Appendix 1) we describe an extension to an infinite horizon.2
For the benefit of those readers who are anxious to move on to the structure of utility functions and the behavioral analysis, we present first an informal description of the space of temporal lotteries, which description extends to (2.5) below. The remainder of this section and Appendix 1 complete the definition of the consumption space but are not essential to the understanding of the crux of the paper.
The following notation is adopted: For any metric space X denote by B(X) the Borel a-algebra and by M(X) the space of Borel probability measures on X endowed with the weak convergence topology. The probability measure which assigns unit mass to { x } is denoted Ax.
Each temporal lottery d can be pictured as an infinite probability tree in which each branch corresponds to a deterministic consumption stream y E R?+. Denote by D the space of such lotteries endowed with some metric. The lottery d can be identified with a pair (co, m) where co > 0 denotes the nonstochastic period 0 level of consumption and m is a probability measure over the set of t = 1 nodes in the tree. But each such node may be identified with the probability tree emanating from it. Thus m can be thought of as an element of M(D). We conclude that the space of temporal lotteries should satisfy (2.1) D is homeomorphic to R+X M(D).
The construction of D, described in detail below, is based on the following intuition: Picture an infinite probability tree d and for each t imagine "collapsing" everything beyond t in the sense that all uncertainty which in d resolves at t or later is now completely resolved at t. This transformation generates a new tree dt,. As t increases, dt provides a better approximation to the initial tree d and the approximation error vanishes asymptotically. Thus the infinite sequence of such approximations (dl,..., dt, ... ) accurately represents the infinite horizon lottery d and we identify d with the infinite sequence. The dt's prescribe a common period 0 consumption level co and they induce the same probability distribution for consumption in period 1 and beyond. They differ only in the way in which the uncertainty about future consumption is resolved over time. In particular, given d = (dl, .. ., d, ... ), then d1 = (co, ml) where ml E M(R+) and all uncertainty in d1 is resolved in period 1. Refer to ml as representing the atemporal distribution of uncertain future consumption.
The space D is too broad to serve as a domain for the class of utility functions of interest here; e.g., the uncertainty regarding future consumption need not be limited to bounded support for any normal definition of boundedness. Thus we 2After completion of this paper we learned of a very similar mathematical construction by Mertens and Zamir (1985) for the space of infinite hierarchy of beliefs in the context of Bayesian games. See also Myerson (1985) .
will proceed to define a subspace of D which will serve as a domain for utility functions.
First, for any b ) 1 and 1> 0 define the set of deterministic consumption sequences Some readers may wish at this point to skip to Section 3. We continue here with a more thorough and formal analysis. We adopt the following conventions: X is identified as a subspace of M( X) in the usual fashion. We write X c X' if X is homeomorphic to a (Borel) subspace of X'. In that case, we can identify M( X) with a subspace of M(X') via the map which takes m E M(X) into m' E M(X'), m'(B) m(B nl X) for all Borel subsets B of X'. For each t, Dt can be interpreted as the set of (temporal) consumption lotteries in which all uncertainty is resolved at or before time t. KP show how elements of Dt can be represented by probability trees (see Figure 1) Figure 1 again.) Therefore, if in dt+1 all uncertainty is resolved by period t, then the operation of gt has no effect. In fact, (2.9) gt dt+l) = dt+1 dt+1 E Dt.
We are now ready to define the space of temporal lotteries D. The intuition, provided above, that each infinite probability tree can be identified with the infinite sequence of the "collapsed" finite horizon trees, leads to the following formal definition: for some function W. This structure has been explored also by Lucas and Stokey (1984) and Boyd (1987) where W is termed an aggregator, as it combines current consumption and future utility to determine current utility.
In contemplating an extension of (3.1) to the stochastic case we note that future utility is random. It seems natural, in that case, to compute a certainty equivalent for random future utility and then to combine the certainty equivalent utility level with co via an aggregator. Thus we are led to consider certainty equivalent (or generalized mean value) functionals ,u. Each such mean value is a map, This relation is the cornerstone of our analysis. Of course, it generalizes the more familiar structure (3.1). Note also that the recursive structure immediately implies the intertemporal consistency of preference (in the sense of Johnsen and Donaldson (1985) or Figure 2 ) and the stationarity of preference (in the sense of Koopmans (1960) , for example). (The p = 0 case is ignored for simplicity.) In conjunction with (3.1), this implies that when restricted to deterministic consumption programs, V is an intertemporal CES utility function with elasticity of substitution a= (1 -p)-. Though restrictive, the CES specification for W is still sufficiently flexible to permit the issue of separation of substitutability from risk aversion to be addressed.
In contrast, a broad class of mean value functionals will be allowed. In this section they will be required to satisfy the following: A proof of the theorem is provided in Appendix 3 but some comments are in order here. In deterministic frameworks the existence of recursive utility functions has been proven by application of the Contraction Mapping Theorem (Lucas and Stokey (1984)). The commonly used form of this theorem requires bounded utility and aggregator functions, which is violated by (3.5). Thus we apply a Weighted Contraction Theorem developed by Boyd (1987) to deal with unbounded aggregators. His theorem does not apply in all cases below since the stochastic structure introduces some complications. Nevertheless, for those cases where the contraction mapping technique fails, we are able to prove existence of recursive utility by means of a " partial sum" or " monotone convergence" technique which is also adapted from Boyd.
Turn now to some subclasses of recursive utility functions based on particular specifications for the certainty equivalent functional. We argue at the end of Section 4 that each of these subclasses is of theoretical interest and not merely a parametric example of a recursive utility function.
In all of the subclasses to follow IL satisfies MV.1 and the homogeneity property MV.2. Dekel (1986) show that such a functional ,u is consistent with first and second degree stochastic dominance and can explain the Allais paradox.6 Condition (3.2) is immediate. In Appendix 2 we show that such a functional ,u satisfies MV.1. In order that ,u satisfy the homogeneity condition MV.2 we require that F be linearly homogeneous. In that case, by defining +(x) F(x, 1), we can rewrite (3.10) in the form (3.11) f4(x/tL(p)) dp(x) = O, p E M(R++).
MV.2: IL(pPX
SFarmer (1987) employs the a = 1 specialization of (3.8) adapted to a finite horizon framework. Also, Weil (1987a Weil ( , 1987b If the functional ,u defined in (3.11) is substituted into (3.4) then a recursive relation is obtained for intertemporal utility V. Theorem 3.1 may be applied to establish the existence of V. Since (3.11) generalizes (3.7), the class of Chew-Dekel based intertemporal utility functions generalizes the KP class. An appeal of this generalization is that it can potentially provide a unified explanation of both market consumption and asset return data (via the representative agent framework described below) and experimental data. With regard to the latter, Machina (1982) formulates a property of functionals ,u, called Hypothesis II, which he argues is both sufficient and in a sense also necessary for an explanation of Allais and other paradoxes. In terms of (3.11), Hypothesis II is equivalent to the straightforward restriction on 4 that -x+"(x)/+'(x) is (strictly) decreasing. This restriction can be readily incorporated into specifications for p, e.g., it is satisfied by (3.13) if a > O.
The above examples do not exhaust the class of recursive intertemporal utility functions covered by Theorem 3.1. Other specifications for ,u, taken from the atemporal non-expected utility literature for example, could be adopted if the seemingly mild continuity condition MV.1 is satisfied. Thus Theorem 3.1 should permit the integration into a temporal setting of a substantial portion of the non-expected utility literature.
SUBSTITUTION, RISK AVERSION, AND TIMING
The key properties of recursive utility functionals will be discussed here. It has already been noted that the specification (3.5) for the aggregator implies that deterministic consumption sequences are ranked by an intertemporal CES utility function with elasticity of substitution a = (1 -p)-'. Thus we interpret p as a parameter reflecting substitutability.
Next turn to risk aversion and in particular to comparative risk aversion. Let V and V* be two recursive utility functions with possibly distinct aggregators W and W* conforming to (3.5). where E(-) denotes the expected value operator. Thus the least risk averse intertemporal utility function is the one for which ,u(*) = E(-). Moreover, there is a sense in which the latter specification implies risk neutrality, e.g., in the context of timeless wealth gambles or in the portfolio choice context described at the end of Section 5. It is apparent, therefore, that "low" or "moderate" risk aversion can coexist with a small elasticity of substitution, which is impossible in the expected utility specification.
In the case of KP functionals (3.8), the condition (4.1) is equivalent to a* < a. Thus we interpret a as a measure of risk aversion for comparative purposes with smaller a's indicating greater risk aversion. A separation between the risk aversion parameter (a) and the substitution parameter (p) is achieved.
For the (1978) ). We can conclude, in fact, that given (3.8) early (late) resolution is preferred if a < (>)P For more general recursive utility functions, we have not found a characterization in terms of W and it of the conditions under which early or late resolution is preferred. But the characterization for the KP class raises an issue which we suspect is relevant more generally and which calls for some attention. We have interpreted a as a risk aversion parameter. But with p fixed, a reduction in a not only increases risk aversion but also may transform a preference for late resolution into a preference for early resolution. One is left wondering how to interpret the comparative statics effects of a change in a. Similarly, a change in p for given a affects both substitutability and attitudes towards timing. Thus the latter aspect of preference seems intertwined with both substitutability and risk aversion.
We offer three comments in response. First, from the perspective of potential empirical applications, the specifications (3.8) and a fortiori (3.4) are still more flexible than the common expected utility functional form. Second, the behavioral analysis in the next section will provide further support for our interpretation of a, or more generally ,u, as a risk aversion parameter since a or ,u will determine the degree of risk taking in certain portfolio choice problems. Finally, we suspect that the lack of separation noted above reflects the inherent inseparability of these three aspects of preference rather than a deficiency of our theoretical framework. Further study of this issue is required.
To conclude this section, we observe that attitudes towards timing can be used to distinguish, within the family of recursive utility functions, each of the three subclasses defined in Section 3. It has already been pointed out that timing indifference implies an expected utility ordering. Next consider the Chew-Dekel subclass. Suppose that V is such that the lotteries in Figure 3 
are indifferent to one another whenever V(d) = V(e); that is, the timing of resolution is a matter of indifference if the two future prospects regarding which information is being provided, are themselves indifferent. Refer to this property as quasi-timing indifference (QTI). A straightforward extension of the finite horizon arguments in Chew and Epstein (1989) shows that the only recursive utility functions satisfying QTI are those based on (3.10). If an appropriate homotheticity assumption is imposed on V, then ,u must satisfy MV.2 and (3.11) is obtained. (See Chew and Epstein (1989) for the basis for a comparable argument for the KP class (3.8) and
for discussion of QTI. An alternative basis for an axiomatization of KP preferences may be found in KP (1978).) Thus a theoretical case can be made for interest in the KP and Chew-Dekel subclasses of recursive utility functions. Accordingly, we do not apologize for the fact that some of the discussion of the asset pricing implications of our framework is limited to these subclasses.
THE REPRESENTATIVE AGENT
The remainder of this paper derives relations between aggregate consumption and real rates of return which must hold in a competitive equilibrium. The procedure adopted is that of the rational expectations literature on aggregate consumption (Hall (1978) ). In this section we determine the optimal consumption and portfolio behavior of an individual who faces exogenous rates of return to saving. Then, in the next section, we take the individual to be a representative agent in the economy so that the Euler equations corresponding to his intertemporal plan define relations between aggregate consumption and rates of return that must hold in equilibrium. We deviate from earlier literature in the specification of a recursive (but not necessarily expected utility) specification for preferences. Consequently, the derivation of the Euler equations is nonstandard.
Our representative agent operates in a standard environment. There are K assets. The gross return to holding the k th asset between t and (t + 1) is described by the random variable Pk,, -oo < t < oo, where each rkt Apply the analysis of last section to the representative agent. Then, if (5.10) were replaced by its first order conditions, we would obtain a complete set of "Euler equations" for the intertemporal optimization problem. Moreover, the first order conditions emanating from (5.10) would contain a model of asset returns. One feature of that model which is evident from (5.10) even without specifying the model in detail, is that both consumption cl and the return to the market portfolio will play a role in explaining differences in the expected returns to any two assets. This is in contrast to both the static CAPM, where covariance with the market portfolio alone determines the systematic risk of any asset, and also to the consumption-based CAPM where systematic risk is measured by covariance with consumption.
To derive first order conditions for (5.10) some smoothness properties must be assumed for A, e.g. Frechet differentiability as in Machina (1982) . We leave it to the interested reader to analyze (5.10) further using Machina's local utility functions. Here we proceed under the assumption of Chew-Dekel preferences. They are not necessarily Frechet differentiable but they satisfy a weaker smoothness property (Chew, Epstein, and Zilcha (1988)) which suffices for our purposes.
We adopt the following argument: Denote by A* the maximum value in (5.6). When A is given by (3.11), the solution of (5.6) also solvesl0 Earlier we pointed out that one consequence of the generalization from expected utility to recursive utility is the emergence of the market return as a factor in explaining excess mean returns. The significance of the market return is apparent from (6.4), which can be rewritten Another specialization of (6.4) which yields the market based CAPM model is p = 1, or infinite elasticity of substitution. This case was excluded from the preceding analysis because it would generally rule out interior optima for consumption (see (5.5)). But the appropriate form of (6.4) is still valid. Intuitively, the emergence of the static CAPM here is presumably due to the perfect substitutability of consumption across time.
We have described some relations between aggregate consumption and asset returns which must hold in a competitive equilibrium, but we have not demonstrated the consistency of our analysis with a general equilibrium framework such as Lucas' (1978) stochastic pure endowment economy. Such an extension would need to confront the questions of existence and uniqueness of equilibrium asset prices. Moreover, Lucas' contraction mapping techniques would not suffice for the same reasons that those techniques were inadequate in establishing Theorem 3.1. Thus we leave such an extension to a separate paper. However, we conclude this section by describing some asset pricing implications of our analysis which are valid for any general equilibrium extension.
For simplicity, consider KP preferences, though comparable formulae may be derived for Chew-Dekel preferences. Consider an asset which pays the dividend qt_ in period t. The real gross return to holding the asset during period 0 is (P1 + qj)/P0, where PO and P1 denote the current and random period 1 prices respectively. Then substitution into (6.6) implies that the asset price satisfies the recursive relation Otherwise, the bond price falls in response to an increase in correlation.
CONCLUDING REMARKS
The intertemporal utility functions we have formulated have three very appealing features: (1) intertemporal substitution and risk aversion are disentangled; (2) they integrate atemporal non-expected utility theories into a temporal framework; and (3) they generate implications for the temporal behavior of consumption and asset returns. Moreover, these implications may be investigated empirically by existing econometric techniques as demonstrated in Epstein and Zin (1989) .
Some empirical work is done in the latter paper but further empirical investigation, exploring alternative data sets and functional forms, would be worthwhile. A promising application on the theoretical front is to recursive dynamic GE modelling (Sargent (1987) ). For example, we have already mentioned the need to integrate our model into a general equilibrium framework such as Lucas ' (1978) . Because of the inseparability of substitution and risk aversion in his expected utility model, Lucas is unable to provide a clear interpretation for some of his comparative statics results. Our utility functions should clarify those results and thus provide a clearer understanding of the determinants of asset prices. (See Epstein (1988) for such a comparative statics analysis in a stochastic pure endowment economy where endowments are i.i.d.). In addition, the separation which they provide should make them useful in exploring the role played by differences in risk aversion in influencing the distribution of wealth across agents. Such an investigation would complement existing theories of distribution that are based on differences in time preference (Epstein (1987) ).
In these and other theoretical developments, the specific functional form (3.5) for the aggregator could be useful in providing some initial insights. Indeed many of the early multiperiod expected utility models of consumption/portfolio behavior are based on the homogeneous parameterization (3.6). But it would clearly be desirable to generalize to a larger class of recursive utility functions. It is hoped that several elements of this paper, such as the proofs of Theorems 3.1 and 5.1 and especially our formalization of the space of infinite horizon temporal lotteries, will be useful in developing such generalizations. 8) dp.
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It follows that 0 = JF(-, p,) dpn -* fF(., 8) dp, which implies 0 = ,-JF(., 8) dp. But then 8 = I since F(x, z) is decreasing in z.
Similarly for (b). Q.E.D.
APPENDIX 3
We We are able to base the following proof on WCMT in the KP case when a and p have identical signs. An advantage of such a proof is that it leads to the uniqueness of the solution to (3.4) and also to stronger continuity properties for V than described in the theorem. Moreover, it facilitates the proof of existence of optimal plans. But we could not find a way to apply WCMT to the remaining cases for the KP functional or to more general specifications for ,u. Thus we use it below only where absolutely necessary, namely in Case 1, and otherwise we present a shorter, simpler argument. 
